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GENERATING FUNCTIONS FOR PELL AND PELL-LUCAS NUMBERS

DR. NARESH PATEL
ASST. PROFESSOR
DEPARTMENT OF APPLIED SCIENCES
INSTITUTE OF ENGINEERING & TECHNOLOGY
DEVI AHILYA UNIVERSITY
INDORE - 452 017

In this paper, | have derived a list of generating functions for Pell and Pell-Lucas numbers. Exponential generating functions are used to derive combinatorial
identities as well as hybrid identities. Generalizations of the results are the main features of this paper.

KEYWORDS

Exponential Functions, Generating Functions, Hybrid Identities.

INTRODUCTION
ELL AND PELL-LUCAS NUMBERS

{U.}

{Vn} for all integers n by
Unszn—l"‘Un—Z! U0=O’ Ul:l’
Vn = an—l +Vn—2’ VO = 2’ Vl E p

Ui ={r} v} ={L}
and , Which are the Fibonacci and Lucas numbers respectively. Their Binet forms, obtained by using

F, =2 =

y a_ﬁ andL”:an+ﬂn,

Define the sequences and

For p = 1, we write

standard techniques for solving linear recurrences, are

-x-1=0

X2
where a and B are the roots of
For p = 2, we write

{Pn :2Pn—1+Pn—2a Po =0, Pl:l
Qn = 2Qn—1 + Qn—2l QO = 2, Ql = 2.

{R}_ {Q}

Here and are the Pell and Pell-Lucas Sequences respectively. Their Binet forms are given by
yn _ 5n
p=_°_
n — N n
- =y"+0
y o and Qn y ,

2 _ox—-1= =1+ =1-.f
where y and 6 are the roots of X 2x-1=0 that is Y 1 2 and 5 =1 2 R
GENERATING FUNCTIONS

(o]

g(X)=a,+ax+ax’+..+ax" +..=> ax"
B & ? r;)

,...be a sequence of real numbers. Then the function is called

{ an} . We can also define generating functions for the finite sequence *~, -,.., by letting
2 n
X)=a,+taX+aXx +..+aX
g( ) ao al a2 an is called the generating function for the finite sequence ao ) ai,..., an .

g(X) =1+2x+3x° +...+(N+D)X" +.....

is the generating function for the sequence of positive integers and

61lzoi’ori>n;

the generating function for the sequence
thus

For example,

f(x) =1+3x+6x +....+@xn +....

is the generating function for the sequence of triangular numbers 1, 3, 6, 10, ....

- 1
g(¥) =L+ X+X0+ L+ X+ =Y X =
Also n=0 1_X;

(1)

1
1-x) . , , e
Thus is the generating function for the infinite sequence of ones, whereas
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f(x) =

x-1

x"-1
o+ Xn 1
- ; Thus is the generating for the finite sequence of n ones.
EQUALITY OF GENERATING FUNCTIONS

f0=ax  g(9=)nx o =b

nz O; that is

Two  generating  functions n=0 and n=0 are  equal if n for
z ax" = z bx" = a =h,
n=0 for nz O

ADDITION AND MULTIPLICATION OF GENERATING FUNCTIONS

f(x)= i ax" g(x)= ibnx”

Let n=0 and n=0 be two generating functions. Then
) +9() =Y (a, +b,)x"
n=0
0990 - Z(Zabn-.jx
And n=0\i=0 2)

GENERATING FUNCTION FOR

o0
— n
9(x) = Z P.x
First, we develop a generating function ( )for N, So, let n=0 ;

g(x) =R+ B+ BX* +.. + BX" + B X"+
2xg(X) = 2P X+2PX* +...+2P_X"+2P X" +....

2 — 2 n n+1
X“g(x) = PX*+... +P_X" +P_xX""+....
2 — — _

. (1_2X_X )g(X) B F%)+F1X_2FBX_2X (Since Pn+1 _2R1+Pn—1
Using PO = O and Pl :1' we get

S X

D RN =

=0 (1-2x-x%) .

X
_ V2
Therefore, (1 2X =X )generates the sequence of Pell numbers.

GENERATING FUNCTION FOR Pn+1Pn+2

g(X) Z n+1Pn+2Xn

Let : so that
9(x) = RP, +BRx+ BPX* +PRX +... + PP X" + PP X" +.
SG00=  SRPX-SRRE SRR + SRR +BRR +
5x*g(X) = 5PPX*+5P,RX’ +.... + 5P_PXx" + 5P P x""+.
X°g(x) = PPX +.... + B,P X" + P RX™+

0 (1-5x-5¢"+x)g(x) = (RP, + RRx+ RRX’) -(SRRX+5PRX’) - (SRR’)
[ P P +P P 5(R1+1Pn+2 PR1+1):|

n+2" n+3

:(2+1Ox+60x2)—(10x+50x )—(10x )
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_ 2
z n+l n+2 -

Thus, 120 (1-5x=5x*+x°)
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2
GENERATING FUNCTION FOR P” :

99 =3 P’

Let n=0 ; so that
g(X) = POZ + P]_2X+ P22X2 + P32X3+ P42X4 +.. o+ PnZXn + Pnilxn+1+
5xg(X)=  5P’x+5P’X* +5P x® +5Px* +.... + 5P2 X"+ 5P’ + ..,
5x*g(X) = 5P’x* +5R*x® +5P X" +.... + 5P, X" + 5P x"" +
ng(X) = R)ZX3+F12X4+.... + F;]Z_S n + P2 n+1

O (1-5x-5x" +x°)g(x) = (R’ +R’x+ F>22x2)—(5F>2x+5F>2 2)—(5P2x2)
[ P2 4R, =5(R7+R%)
:(O+ x+4x2)—(0x+5x2)—(0x ):x(l—x)

i p2yn = x(1-x)

Thus, 120 " (1-5x=-5x*+X°)

GENERATING FUNCTION FOR 77
909 = P’
Let n=0 ; so that
g(¥) =R+ Bx +Bx* +PBXx +PX' +BX +..+PX" +P x™ +..

12xg(X) = 12P’x+12P°x* +12P>x° + 12P X" +12P X’ +.... + 12P° X" +12P°x™" + .,
30x*g(x) = 30P’x? + 30R°x° + 30P X" + 30R°X° +.... + 30P,x" + 30P° x"* +
12x°g(X) = 12P>C +12P°x* +12P’x° +.... + 12 P2 X" + 12Pn3_2x“+1+....
x*g(x) = Px*+ PX+..+ PLX" + P x"+..

O (1-12x-30x* +12x° + x*)g(x) = (B} + B+ BX* + Bix®) = (12Rx +12R%° +12PX’)
- (30R?x? +30P°x°) + (12Px°)
[+ B3, —12R}, =303, +12P5, + P’ = 0]

n+2 n+1
:(O+x+8x2+125x )—(0x+12x +96X3 )—(0x +30%° )+(Ox3)
=x=-4x*-x®
) (1—4x—x2)
Thus ZO (1 12x-30x* +12x* + x*)

A LIST OF GENERATING FUNCTIONS
Using the above technique and Pell Identities, we can also derive the following generating functions:
_1-2x
Z X
(1 2x-x%) =

(i) (4)

X"
n=0

P
2 z n+l
(i (1-2x- x) )
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2(1-x) o )
(1-2x—x) 2,
(i) n=0 6)
21+x) o N
1-2x-%°) Z QraX
(i) "o )
—2+6X °° n
= X
w @- 2x—x%) ;Q” !
2X ©
=" PX" _
(vi) (1_ 6X+ X2) ; 2" (Usng I:)2n+2 + I:)2n—2 = 6|:)2n’ nz 1)
1-x 2
=) PuX .
(vii) (1_ 6X + XZ) ; o (Us ng I:)2n+3 1 PZn—l - 6|:)2n+11 nz 1)
2(1-3x) ® )
——5—= X .
iy A—6x+ x%) ; Qon (Using Q,., + Qs =6Q,,, N 21)
214%) &
— = X .
(ix) (1_ 6X + Xz) ; Q2ﬂ+1 (US| ng Q2n+3 + Q2n—1 = 6Q2n+1’ nz 1)
23-%) _eg o
= X
o (A-6x+ x?) ; Qe
2 [
=) B..,X"
. (1-6x+x o
) (1 6 2) z 2n+2
5x ®
——-=) BX :
(1_14)(_ XZ) ; o (USI ng I:é}n+3 n I:?3>n—3 = 14P3,n1 nz 1)

2-14x _i o X
(1-14x-x?) i (Using Q.5 = Qys =14Q,,, n21)

1-x >
— P2 Xn
(1-5x-5%% +x°) ; i

(xiv)
4+5x - X _ipz v
(xv) (1_ SX = 5X2 + XS) n=0 "
4-16x - 4x° _Z“’:szn
iy (L 5X= 5X*+x%) & "
4+16x - 4x° e 2l
= X
(xvii) (1-5x- 5x* + Xs) ; Qn i
36+16x—4x° e L
= ZQrizX

(1-5x-5x*+x°) 4
8-88x—120x* +8x> i
) (1-12x- 30x* +12x° +x*) &

(xviii)

(xix

g 1712x=30x° +12X +X*) {5 i

8+120x-88x* -8x> Z“’:
) (1-12x- 30x* +12x°3 +x*) &

1-4x— x> @
2

(xxi
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8+29x —-12x* - X°

(xxii)

216 +152x —104x>

(1-12x-30x* +12x3 + x*)
-8x°

(xxiii)

10x

(1-12x-30x* +12x% + x*)

(xxiv)

(1-12x-30x* +12x° +x)
24-120x +120x* +8x°

Ry PP X"

n

(xxv)

_QkX+( D x?

(1—12x —-30x* +12x° + x*)

n=0

Qn Qn +1Qn+2 Xn

z an+r

(xxvi)
P+(-D)'R. rX i
(xxvii) _QkX+( 1) n=0
2+3Q, X <
o O D
Q +(-D'Q. X
(xxvii) 1=-Qux+(= VA Y =

GENERATING FUNCTIONS FOR Sq:

$=2.P g(0=>sX
Let =l and n=0 ; then
350 =3 (R Ry -1 >R =2(R+Ru-1)
n=0 n=0 2 [Since I=1 2 1
_1 iax%ipnﬂx”—ix”}
2_n:0 n=0 n=0
e I 1}
P R oy _ 2 &
2:(1 2x-x7) (1-2x-x7) 1-X [Using (1), (3) and (5)]
=1 2X
2| (1-3x+x°+X°)
X

28X =

‘Thus, N=0

GENERATING FUNCTIONS FOR

Using Binet formula, generating function for

:: m+n

(1-3x+X*+X°)

m*N and Qn"J’”:

M*N can be derived as follows:

o0 ym+n_5m+n .
Z[ y-o jx

0

1 r [ee] o]
— X'=om» J"x"
o By e ]

1 [y o @
y—=0|1l-yx 1-0X z —ax

[Since N ]
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1 _y”‘(l—Jx)—Jm(l—yx)}
y=0|  (1-yx)(1-0x)

1 (W—WymkW“—Wﬂ}

y-0 1-(y+9) x+ yox*

1 [(ym—am)+(ym1—5ml)x]

Cy-3| 1-(y+d)x+ R
— I:)m + Pm—lx
1-2x—x°

0 +
> R = 2222
1-2x—-X

Thus, N=0 .

5 = Sa2Qe]

1-2x-X?

Likewise, it can be shown that n=0 .

EXPONENTIAL GENERATING FUNCTIONS

ot =4 0"
g=) — e”x—g | eJX_z

|
n=o0 N: , it follows that n: and n=0

- &Y -0 Ix" _& X
= Ay

Since

y_5 n=0 y_5 n! n=0 :
eyx_edx P

Thus, the exponential function y generates the numbers n: .
Likewise, we can show that

[ n
OX — X
=L
n=0 Y )
OX %
e +e nl
That is generates the numbers ''* .
More generally, we can show that
e}}X — eJkX _ [ R1k n
- - = — MKy

y_d n=0 n!

Likewise,

(10)

00

e})(x +edkx :Zﬁxn
n=0 n! X

Using (8), we can write

(11)
e(1+x/§)x u 1—\/§)X

e( | <
o) %"

e(1+\/5)x _e(l—ﬁ)x — 2\/52 Pn X_'
n=0 n

Or
[t _ o] = o p X
§ e [e e } ZﬁnZ:(;Pn iy
2exsinh\/§x:2x/§ipn)r(]—nI
or n=0 :
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Thus,
<) Xn
e'snhv2x=+v2>' P =
n=0 n!
Similarly,

0 Xn
2¢* coshv/2x=>"Q, =~
o nb
IDENTITIES USING GENERATING FUNCTIONS

- n 1 c n
Z R1+1X = B z Pn—lX =

h=0 D

T
N
X

0 Q= P+P

n+l

and

+P .
Next we shall prove that mQ _1Qn -1 Qm+n—1

> (RQ,+PriQ) X

m=0

= QnB +Qn—l

QZPX +Q_1ZP_1X

1—2x
D
= Qn—l + (Qn 3 2(?n—l) X

= Qi QX

D
00

L m

- z Qm+n—1x

m=0
D Pan + I:)m—l n-1 = Qm+n—1'
Similarly, we can prove other identities like
I:)ml:)n + Pm—la—l - m+n—1' Q Q Q —1Q = m+n—1

COMBINATORIAL IDENTITIES USING GENERATING FUNCTIONS

A(t)=iag1—n_ B0 Zb -

Let n=0 ; then

AWB() = { (L‘ }”!

At)B(-t) =i{i( 1 }%

n=0| k=0

A)B() =i{i 2@ ab, }

and n=0| k=0

D

(14)

where

(12)

(13)

D=1-2x-x*

Also,
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eyt_ed_t
y-o _,B(t)=¢

At) =

In particular, ; then

(erogt)

00 tn eZyt _e25t
2 =| ——|€
582 (e (575
i n ( j E :(e(1+2y)t _e(1+25)tJ
n=0| k=0 n! y-o
%t

By (14)

By (8)
(Since yz a 2y—1: 0)
By (10)

Thus,

|
Equating the coefficients of n: yields the combinatorial identity

e

A(,[):e”t—e !
Now taking, y_5 and B(t)_e g
0
A(t)B(2t>=(e“ : je
y—-90
) B n ~ n tn eyt_edt B
-2\ k L = 2t
5 S (fane 5555 )
o [ (2t _ gl-2+on
2 n-k [ S
ZZ( ) (Hm [ y-o J
_(e‘&—e‘“}
] y_5 (Sincey+5:2)
L C (_t)n o = n-1 tn
=3 (-)P =Y ()P, —
g( F: n! nZ::;( ) "n!
Thus,

)

(3”"(} } Z( )_IP—

n

~- X

|
Equating the coefficients of n yields another combinatorial identity

> @P = ()R

k=0
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At B(t
Obviously, by selecting ( )and ( )as suitable exponential functions, we can apply this method to derive other Pell and Pell-Lucas combinatorial
identities.

n

n
2 =
A(t) = eV‘ + edt and B(t) = et g (kak an- and taking A(t) = e}’t + eb—t and B(t) = e_t we

For example, choosing we get

Z( 2)”(] =(-D"Q,

COMBINATORIAL IDENTITIES USING THE DIFFERENTIAL OPERATOR

Al _-
(t) Z aT' dtl’ -
Since , it follows that n=0 i (15)
2at 25t
e —€
A== B(t) = &
In particular, taking a ﬁ nd - ; we get

A(t)B(t) = (%] e

on-5/57 0

k=

{ A)B() = Z{Z(k] }L']

Using (15) we can write

B(t) A(t) Z[ZZK”(J ,}ﬂ

n=0| k=0

Or
DR(2o) EES (2R NS
: a—ﬁ
(Za)r e(20/+1)t —(2,3) (28+1)
= a_ﬂ
o (areazt ﬂreﬂzt ]
a-p e @220 =1=0,
o,
n=0
Thus,
00 n i n tn w " o0 tn
;l:éz (kj I:)k+ri| n! =2 ; 2n+r n!
tn

Equating the coefficients of n! yields the combinatorial identity

anzk”(njp =2'P,
Kk k+r 2n+r”

k=0
k —
22( ] k+r T 2n+r
Or
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HYBRID IDENTITIES

At) =

Here we derive some hybrid identities involving both Pell and Pell-Lucas numbers. If we choose

eyl _ed_t
y_

ot
A)B(t) = ey;/—;j(e“ +e")
w [ n n _tn N _ g2t
2.2 ) Qe E:( y-95
or ”‘OZ"‘O I By (8) and (12)]
[ n n n <) 2t n
2 DIMLINEES 3L
or n=0| k=0 Nt weo n!
[ B n n ] tn ) tn
PQ., |—=>2"P—
o g_é k kQ”k_n! nzz(; n!
This yields the combinatorial hybrid identity that
nn
JPan—k = 2n|:)n
= . (16)
_ ot
At) _e'-e _ B(t)
By choosing , we get
ot ot
At)B(t) = e -e" e -e
y-o0 y-o0
o0 nn tn eZyt +e25t _Ze(y+5)t
513 e = 2
or n=0| k=0 n (y-9)
:%[(eZyt +ezdt)_262tj|
- - 1 n - n t"
_;5[2 Q, -22 ]E
00 _ tn
=32"%(Q,-2)—
ECEER
(N — ~n-3
2l | RPe=27(Qm2)
Thus, k=0 . (17)
n n .
> k)2 =2 (Q.+2)
Similarly, ¥=0 (18)

GENERALIZED HYBRID IDENTITIES
Identities (16) through (18) can also be generalized as follows:
n

n
Z(kj I:)nnk mn-mk - 2n Prm

k=0

©.(n 2'Qp=2Q;
P Prm— —_ _<mn —<m

3 R = 2

nfn
Z (kakamn—mk = Zann + 2Qr:
k=0
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